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Â äîêëàäå ïîêàçàíî, ÷òî ïðåäñòàâëåíèÿ íóëåâîé êðèâèçíû äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (íàïðèìåð, èíòåãðèðóåìûõ ìåòîäîì îáðàòíîé çà-
äà÷è ðàññåÿíèÿ) îáðàçóþò åñòåñòâåííûé êëàññ íåàáåëåâûõ àëãåáðîèäîâ Ëè. Íèæå ìû
óêàçûâàåì âñå êîìïîíåíòû äàííûõ ñòðóêòóð (â ÷àñòíîñòè, ÿêîðü) è ðåàëèçóåì èõ â òåð-
ìèíàõ ãîìîëîãè÷åñêèõ âåêòîðíûõ ïîëåé � äèôôåðåíöèàëîâ � íà ñóïåððàññëîåíèÿõ.

Ïóñòü g � êîíå÷íîìåðíàÿ àëãåáðà Ëè c áàçèñîì e1, . . . , ed (âñÿêîå g-çíà÷íîå ïðåä-
ñòàâëåíèå íóëåâîé êðèâèçíû åñòü äèôôåðåíöèàëüíàÿ 1-ôîðìà α = αki ek dx

i, óäîâëå-
òâîðÿþùàÿ óðàâíåíèþ Ìàóðåðà�Êàðòàíà, çäåñü αki � ãëàäêèå ôóíêöèè íà óðàâíå-
íèè, xi � íåçàâèñèìûå ïåðåìåííûå, çàäàþùèå òî÷êè áàçû Mn). Âîçüì¼ì ðàññëîåíèÿ
χ : Λ(Mn) ⊗ g → Mn è ξ ñî ñëîåì g íàä Mn; îïðåäåëèì ñóïåððàññëîåíèå Πξ êàê ðàñ-
ñëîåíèå íàä òîé æå áàçîé, ïîëó÷àåìîå çàìåíîé ÷¼òíîñòè êîîðäèíàò â ñëîÿõ ξ. Òåïåðü
ðàññìîòðèì ñóììó Óèòíè J∞(χ) ×Mn J∞(Πξ) ðàññëîåíèé áåñêîíå÷íûõ ñòðóé ñå÷åíèé
ðàññëîåíèÿ χ è íå÷¼òíîãî ðàññëîåíèÿ Πξ. Âñÿêîìó g-çíà÷íîìó ïðåäñòàâëåíèþ íóëåâîé
êðèâèçíû α ñîîòâåòñòâóåò òåîðèÿ êîãîìîëîãèé, äèôôåðåíöèàë â êîòîðîé åñòü ðåàëèçà-
öèÿ [1,2] íåàáåëåâà àëãåáðîèäà Ëè â òåðìèíàõ íå÷¼òíîãî ýâîëþöèîííîãî ïîëÿ Q.

Óòâåðæäåíèå. Ãîìîëîãè÷åñêîå âåêòîðíîå ïîëå Q, çàäàþùåå ñòðóêòóðó íåàáåëåâà
àëãåáðîèäà Ëè, ðàâíî

Q = ∂
(α)

[b,α]+d̄hb
+

1

2
∂

(b)
[b,b], [Q,Q] = 0 ⇐⇒ Q2 = 0,

ãäå αkµ � ÷¼òíûå êîîðäèíàòû âäîëü ñëî¼â χ, ñîîòâåòñòâóþùèå g-çíà÷íûì 1-ôîðìàì; bk

� íå÷¼òíûå êîîðäèíàòû âäîëü ñëî¼â â Πξ; ckij � ñòðóêòóðíûå êîíñòàíòû â g, [bi, bj]k =
ckijb

ibj; d̄h � ãîðèçîíòàëüíûé äèôôåðåíöèàë, íàñëåäóåìûé ñ áàçû Mn; îïåðàòîð ∂α =

d̄h + [·, α] � ÿêîðü, [b, α]k = ckijb
iαja dx

a; ∂(α) è ∂(b) � ýâîëþöèîííûå ïðîèçâîäíûå.
Äîêàçàòåëüñòâî. Àíòèêîììóòàòîð [Q,Q] = 2Q2 íå÷¼òíîãî âåêòîðíîãî ïîëÿ Q ñ ñà-

ìèì ñîáîé � ýòî òàêæå âåêòîðíîå ïîëå, çíà÷èò äîñòàòî÷íî äîêàçàòü ðàâåíñòâî íóëþ
êîýôôèöèåíòîâ ïåðåä ∂/∂α è ∂/∂b â

Q2 =
(
∂

(α)

[b,α]+d̄hb
+ 1

2
∂

(b)

ckijb
ibj

) (
∂

(α)

[b,α]+d̄hb
+ 1

2
∂

(b)

ckijb
ibj

)
.

Â ñèëó òîãî, ÷òî g � àëãåáðà Ëè [4], (1
2
∂

(b)

ckijb
ibj

)2 = 0. Ïî îïðåäåëåíèþ, [b, b]k = ckijb
ibj. Òàê

êàê [b, b] íå çàâèñèò îò α, òî (∂
(α)

[b,α]+d̄hb
)(1

2
∂

(b)

ckijb
ibj

) = 0. Îòñþäà

Q2 =
(
∂

(α)

[b,α]+d̄hb
+ 1

2
∂

(b)

ckijb
ibj

) (
∂

(α)

[b,α]+d̄hb

)
= −∂(α)

[b,[b,α]+d̄hb]
+ 1

2
∂

(α)

[[b,b],α]+d̄h([b,b])

= ∂
(α)

−[b,[b,α]−d̄hb]+
1
2

[[b,b],α]+
1
2
d̄h([b,b])

.
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Ðàññìîòðèì âûðàæåíèå −[b, [b, α] − d̄hb] + 1
2
[[b, b], α] + 1

2
d̄h([b, b]). Ðàâåíñòâî íóëþ ýòîãî

âûðàæåíèå ïðè ïðîèçâîëüíûõ b ýêâèâàëåíòíî ðàâåíñòâó íóëþ åãî çíà÷åíèÿ íà ïàðå
ñå÷åíèé p1, p2 ∈ Γ(ξ) (áåð¼òñÿ àëüòåðíèðîâàííàÿ ñóììà ïî âñåì ïåðåñòàíîâêàì). Äëÿ(

1
2
[[b, [b, α]− [b, [b, α]])

)
(p1, p2), èìååì

1
2
[[p1, p2], α]− 1

2
[[p2, p1], α]− [p1, [p2, α]] + [p2, [p1, α]] = [[p1, p2], α]− [p1, [p2, α]]− [p2, [α, p1]]

= −[α, [p1, p2]]− [p1, [p2, α]]− [p2, [α, p1] = 0.

Çíà÷åíèå âûðàæåíèÿ 1
2
d̄h([b, b])− [b, d̄hb] íà ïàðå ñå÷åíèé p1, p2 ðàâíî

1
2
d̄h([p1, p2])− 1

2
d̄h([p1, p2])− [p1, d̄hp2] + [p2, d̄hp1] = d̄h([p1, p2])− [p1, d̄hp2]− [d̄hp1, p2] = 0.

Â èòîãå ïîëó÷àåì

Q2 = ∂
(α)

−[b,[b,α]−d̄hb]+
1
2

[[b,b],α]+
1
2
d̄h([b,b])

= ∂
(α)
0 = 0,

÷òî è òðåáîâàëîñü äîêàçàòü. �
Çàìå÷àíèå. ßêîðü ∂α = d̄h + [·, α] ÿâëÿåòñÿ òåì ñàìûì äèôôåðåíöèàëîì, êîòîðûé

ïîñòðîèë Ì. Ìàðâàí [3] ïðè èññëåäîâàíèè íåóñòðàíèìîñòè êàëèáðîâî÷íûìè ïðåîáðàçî-
âàíèÿìè ñïåêòðàëüíîãî ïàðàìåòðà â ïðåäñòàâëåíèÿõ íóëåâîé êðèâèçíû. Ìû æå ïîêà-
çàëè, ÷òî ýòîò äèôôåðåíöèàë åñòåñòâåíåí ïîòîìó, ÷òî ïîñòàâëÿåò ïðèìåð êëàññè÷åñêîé
êîíñòðóêöèè àëãåáðîèäà Ëè â íåàáåëåâîì ñëó÷àå.
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